2.3 Compute Integration

» [ think you have enough skill to solve basic integration of higher secondary level. If you
don’t have prerequisite knowledge then just go through those chapters.

2.3.1 Line Integral

[Do Tt Yourself] 2.60. Let P = .fol ﬁ which of the following statements is TRUE
(A) sin_l(ﬁﬁ} <P < 7155&11_1{%) (B) 7155%11_1[%) <P< sin_l{%)
(C) Jgsin~l(51s) < P < sin~Y(ghy) (D) sin"1(3) < P < Y3 sin~1(1).
. . 1 de 1 dx 1 dx
[Hint : [, T S o T S Jo )
Do It Yourself] 2.61. Solve: [ vx? — a?dr, [ Vx? + a?dr, L__dzr, L__dr,
. . N s ) T raz
—t—dr, [ tedz, [Inzdzr, [In(z + 1)dz, [logzdz.
I o | srda, - [log

Tr=—a

[Do It Yourself] 2.62. Solve: [ mmdz, | %‘E‘—i—idx, i —lrxd:r-, [ sin® zdz,

sin
[ cos®zdzx, [ sin? zdz, [ cos* zdz.

[Do It Yourself] 2.63. Solve: [ [x|dz, [ [z%dz, [ [z]2dz, [* |z+1)dz, [ |z|de.

. 1 2 3 1
Example 2.10. Evaluate: lm S ptaE ettt %}
o lim l[ n N 2n N an L .1 ]
nsoopln? +12  n?24+22  p?4 32 n? 4+ n?
TR 2 3 n R
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| L gy —-m(1 2)z-l 2.
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[Do It Yourself] 2.64. Find the following limits:

1 lim[ I + z +---+i]

" mooolpd 13 p3 423 2nl’

2. lim | 4 1}

2. hm =]
nsooly/On — 12 /dn — 22 n



2.3.2 Double Integral

b da(x) d wa(y)
» Repeated Integrals: f [/ flz, y}dy} dx or,/ [[ g(:-:,-y)d:c] dy.
@ tiJ s ]

1(z) 1 (y)

» If the inner functions are easily integrable then evaluate using repeated integral else
change the order and integrate.

» If the above two methods does not work then we will use the method of transformation.

Example 2.11. Find the double integral / / zdy dx.

v/— 1+43
ST In 28
:»Heref:/ [ —d-yd:ﬂ:f f —d&". dy:f dy = .
x=0 Jy=/T 1+ '.T,r'3 y=0 Jx=0 1+ .y.3 y=0 1+ yS 3

Example 2.12. What is the value aff f S gin wdy dr?

= 2
= Here I _/ [ e sinxdy dr = fﬂ / Y gin rdr dy =
=0 ) y=0 J =y

/2 /2
f Y[ cos = 4 cosy] dy = f &Y cosy dy = e — 1.
y=0 2 y=0

2—/1-(y- }9
Example 2.13. Iff / (r.y)dzdy _/ / flz,y)dydz —I—f / (z,y)dydzx

then a(zx) and f(x

(A) a (I}—IBI}—I—I-\,'l—I— 2 (B) a(z) =x,8(z)=1— —(z —2)?
(C) a a:}—l—|—1,!1—:r— 3 ==z (D) a(z) =1—+/1— I—Q:}z:lﬁ{.’.ﬂ}:ﬂ:.
= Here I = / / Vi flz,y)dr dy.

y=0Jx=

Now we will draw the area enclosed by the given limits.

Now we draw y =0, y = 1.

2 r=y, r=2—+/1—(y—1)>.
| These four curve generates OABO.
B Now we will change the order.

Given y is constant from (0 to 1.
Changing order we get r is constant

A fromxz=10tox=2.
First Part: =0, r=1andy=0, y==x
2 | | | | | 2 Second Part: t =1, 2 =2 and

y=0 y=1—+/1—(z—2)2

Therefore, the option B is correct.



1 2z
[Do It Yourself] 2.65. The integral f / F(oy)dyda is equal to
0 x?
L V] 2 1 2 )2
{A)ﬁ ‘/;firf(I;y}dzdy-l—/; yﬂf{x,y]d:tdy {B)/; fy th(z,-y}dzdy
Loy 2 p2y 2" o
{/C)ﬁ fyﬁ f{E;Q]dJ:dy-l—‘/; fy flz,y)dxdy {D}/{; fy f(z,y)dzdy.

1 p2—=x
[Do It Yourself] 2.66. Let [ = [ [ rydydz. The change of order of integration in
0 Jz2

the integral gives I as

1 Y 2 p2—y 1 p2—y 2 p2—y
(A) 1 :[ f :rydrdy—l—f / zydzdy (B) 1 :/ f Iyd:cd-y—l—f f rydrdy
o Jo 1 Jo o Jo 1 Jo
U o E 1 p2—y 1 p2-y 2 vF
(C) 1 :/ f :I:ydrdy+/ f xydxdy (D) I :f / :zzydxdy—l—/ f rydrdy.
o Jo o Jo o Jo 1 Jo

1 1
[Do It Yourself] 2.69. Evaluate f / w?e™¥dr dy.
0 Jy

[Do It Yourself] 2.70. Evaluate the integral ff sin(r + y) dedy Where R: {0 <z <
R
5 0<y <3}

[Do It Yourself] 2.71. FEwvaluate the integral f/ (4 — 2% — 4%) dedy Where R is the
R

region bounded by x =0, =1, y =0, y = 3/2.

dxdy

[Do It Yourself] 2.72. Ewvaluate the integral f[ Where R is the region
R

bounded by |z| <1, |y| <1.

1 VT
[Do It Yourself] 2.73. Change the order of -inteymt-ionf dm[ f(z,y)dy.
0 x?
1 1 N
[Do It Yourself] 2.74. Eﬂaiuate/ f e’ drdy.
0 Jy

[Do It Yourself]| 2.75. Show that f [ e¥'® dzdy Where R is the triangle bounded by
R

_ _ _ cooe—1
y=xz, y=0, x=11is &=.



2.4 Transformation of variables

» Let f be a bounded function of r and y over a closed region S. If the transformation = =
d(u.v), y = 1¥(u,v) represents a continuous bijection between the closed region S of the
xry—plane onto a region Sy on uv— plane and if the functions ¢, 7' have continuous first or-

der partial derivatives then f/ flz,y)dz dy = ff flo(w,v), ¥(u,v)] gg-’ﬁy; dudv
U, v
Oxy) | £ &
» Here J = = | @u 5' 1s the Jacobian and is non-zero for transformation.
Bluv) | g gp | ™ thedacobian

Example 2.14. The value of— / f ~3@ ) g dy is
(A)5 (B) £ (0) % (D) L.

= Let r =rcosf, y=rsinf.

Yow) _| G B || cost —rsind
ThETEfDTEJ— a(r.0) EH ' | sinf® rcos® |~ "

Sm/4 o2
0, f / e~ 2@ %) gy dy = —f f e~ Trdr df
2?1' i =0 /4
—[f _?T[f?"[f :—><l>-('ﬂ'—1
2TI' —7‘}4 2

2.4.1 Surface Area using Integral
Example 2.15. Let S = {(z,y) e R? : 2,y = 0, /4 — (2 —2)2 <y < /9— (z — 3)?}

then find the area of S.

= Draw the area carefully.

Now /4 — {;1'— 2)2 = Jz(4—z) = 0 < = < 4 and this is an upper half of the circle
(r —2)% + 9% =22

Also \/Q—( 3)?% = \/x —x) = 0 < = < 6 and this is an upper half of the circle
(x — 3)2 + 92 —32

Now draw the region and you can find the area is 57/2.




[Do It Yourself] 2.82. Let S = {(z,y) € R?: |z| + |y| < 1} then what is the area of S7
[Hint : Easy]

[Do It Yourself] 2.83. Find the value of the real number m for which
1 pv2—2? I V2
[ f (z? + y*)dydr = / / ridr de.
0 Jr mw J0

[Ans: m=1/4, Transform and find the limits of integrall

[Do It Yourself] 2.84. Let D be the triangle bounded by the y axis , the line 2y = 7 and
the line y = x . Then the value of the integral /f okt J

D ¥
(A)1/2 (B)1 (C)3/2 (D) 2.

T2 py
[Hint : f[ cosyd:t:dy = f / casydzdy]
D Y y=0 Jz=0 Y

[Do It Yourself] 2.88. Using the transformation r +y = u, y = wv, show that

1 11—z 1
/ dx / e dy = =(e —1).
0 0 2

[Hint : Draw the region: r=0y=0z+y=1. Now, y=0=>uw=0=>u=0v=
0 z=0=w=u=v=Lz+y=1=2u=10<u<l, 0<v <1]

drdy is

1 T 1
Do It Yourself] 2.89. Show that [ dr [ z2+y2 dy==(V2+In(1+V2)).
6
0 0

[Do It Yourself] 2.90. Show that f[ (x2 + y?)dx dy, where E is the region bounded
R
byry=1, y=0, y=x, © =2 is 47/24.

Do It Yourself]| 2.91. Show that $2+- Ndx dy = 6/35, where E is the region
Y Yy ’ q
E
bounded by y = 11:2, y2 = .

[Do It Yourself] 2.94. Find range W of the transformation variable (w,v) for the trans-
formation x = fi(u,v), y= fo(u,v) and the range R of (x,y) are given below

1. R is bounded by a triangle with vertices (0,0), (1,0), (0,1). Transformation x =

#, Yy = w Draw W and find the integration limits.

2. R is bounded by a triangle with vertices (0,0), (1,0), (0,1). Transformation x =
v—u, y=v+u. Draw W and find the integration limits.

3. R is bounded by a triangle with lines x = 0, y = 0, z + y = 1. Transformation
x=uv, y=u(l —v). Draw W and find the integration limits.



[Do It Yourself] 2.95. Show that // eVTE drdy Where R is the triangle bounded by

y+r=1 y=0, :1:_0334(9—%},

[Hint : Transformation y —r = 2u, y+ = = 2v|

[Do It Yourself] 2.96. Show that / ] ey drdy = %(e —1).

[Hint : Transformation r +y = u, y = uv

1 px
[Do It Yourself] 2.98. Find[ f V2 +y? dxdy.
o Jo



